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ABSTRACT 
Let n be an integer 2 1 and let 6’ be a real number which is not an algebraic number of degree 
1. [n/21. We show that there exist E > 0 and arbitrary large real numbers X such that the system of 
linear inequalities lx01 5 X and lx& - x,1 5 eX-l/ln/zl f or 1 <j 5 n, has only the zero solution in 
rational integers x0,. . ,x,. This result refines a similar statement due to H. Davenport and W. M. 
Schmidt, where the upper integer part [n/21 is replaced everywhere by the integer part jn/2]. As a 
corollary, we improve slightly the exponent of approximation to 0 by algebraic integers of degree 
n + 1 over Q obtained by these authors. 
1. INTRODUCTION AND RESULTS 
Let 0 be a real number and let IZ be an integer > 1. We say that a positive real 
number X is an exponent of siwmltaneous approximation to the numbers 8, . . , 0” 
if for every E > 0 and for every positive real number X sufficiently large in terms 
of E, the inequalities 
have a non zero integer solution x = (~0; . . , x,). When X = l/n is such an ex- 
ponent of simultaneous approximation, the system of linear forms 
0x0,. . . , Qn& involved in these inequalities is said to be singular, according to 
the terminology introduced by J.W.S. Cassels in the Chapter 5.7 of [2]. Thus for 
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X > l/n, the exponent X may be viewed as a measure of the singularity of our 
system of inequalities. Notice that D. Roy has constructed in [5] transcendental 
numbers 8 such that any X < (- 1 + 6)/Z Y 0.618 is an exponent of simulta- 
neous approximation to the numbers 0, 02. 
For any positive real number x, denote by 1x1 its integer part, and by 1x1 the 
smallest integer > x. In 1969, H. Davenport and W. M. Schmidt proved in 
Theorem 2a of [3] that if B is not a real algebraic number of degree 5 [n/21, then 
any exponent of simultaneous approximation to 8,. . . , en is smaller than 
l/ln/2j. The goal of this paper is to sharpen slightly their upper bound by 
substituting in the preceding assertion the upper integer part [n/21 to the usual 
integer part [n/2] . 
Theorem. Let n be an integer > 1 and let 0 be a real number which is not an alge- 
braic number of degree 5 [n/2]. Then for any exponent X of simultaneous ap- 
proximation to 0,. . . , On we have the upper bound 
A+= c 
2/n if n is even 
2/(n+ 1) if n is odd . 
Notice that an equivalent formulation of our Theorem asserts that X = & is 
not an exponent of simultaneous approximation to 0,. . . ,8”. On the other 
hand, the Dirichlet box principle implies that any positive real number 
A< 
1 
dimQ(Q+QB+...+QP) - 1 
is such an exponent. Thus the Theorem is optimal whenever 8 is a real algebraic 
number of degree [n/21 + 1 over Q. 
Since [n/21 = [n/2] h w en n is even and [n/21 = [n/2] + 1 when n is odd, our 
result concides with the Theorem of H. Davenport and W. M. Schmidt for even 
values of n, while our upper bound is sharper for odd values of n. Moreover the 
assertion in the even case turns out to be a formal consequence of the odd one, 
noting that an exponent of simultaneous approximation to 6,. . . , 0” is ob- 
viously an exponent of simultaneous approximation to 13,. . . ,8”- ’ and that 
[(n - 1)/21 = n/2 h w en n is even. Notice also that for n = 3, our result includes 
Theorem 4a of [3]. 
Simultaneous approximation assertions of the type of our Theorem, or those 
of [3], imply automatically results of approximation by algebraic integers, using 
a transference principle from the geometry of numbers due to H. Davenport 
and W. M. Schmidt. They proved in Theorem 2 of [3] that for each integer n _> 3 
and each real number 8 which is not algebraic of degree 5 l(n - 1)/2j, there 
exist infinitely many algebraic integers (1: of degree 5 n satisfying 
10 - CXJ < H(a)-‘(n+1)‘2’ ) 
where H(a) denotes the usual height of the algebraic number 0. Combining our 
Theorem with the same transference principle together with the ideas of [l], we 
obtain the following refinement. 
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Corollary. Let n be an integer > 2 and let 0 be a real number which is not an al- 
gebraic number of degree 5 [(n - 1)/21. Then there are infinitely many algebraic 
integers CY of degree n which satisfy 
p - QI < H(a)-‘(“+‘)‘2’. 
Our result is now sharper for even values of n. We recover the optimal exponent 
-2 in the case n = 2 which was studied in the introduction of [3], while for n = 4 
we obtain the exponent -3 as in Theorem 4 of [3]. 
2. SOME TOOLS FOR THE PROOF 
The main ingredient in the proof of our Theorem is the following lemma on 
linear recursions due to H. Davenport and W. M. Schmidt. We reproduce here 
their statement (Theorem 3 from [3]). See also the references [4] and [6], which 
contain various applications and new insights on the result. 
Lemma 1. Let h 5 m be positive integers and let ZO, ZI, . . . , z, be elements of Zh 
which generate over Q the whole space Qh, and which satisfy the linear recurrence 
relations 
aoZj + alZj+ 1 + . -f ahzj+h = 0 (j=O,...,m-h) 
for some coprime integer coeficients ao, . . , ah. Then 
max(laOl,. . . , Iahl) < 2 
l/(m+l-h) 
where Z denotes the supremum of the absolute values of the minors of order h ex- 
tractedfrom the h x (m + 1) matrix (~0,. . . , z,), and where the constant involved 
in the symbol << depends only upon h and m. 
We shall also use the following elementary result. 
Lemma 2. Let ao, . . , at and b,-,, . , be be two sequences of e + 1 complex num- 
bers. Let m be a positive integer. Suppose that the two vector spaces of Cefn’ gen- 
erated by the m rows of the m x (e + m) matrices 
a0 al . . . ae 0 . . . 0 
i . . 
bo bl . . . be 0 . . . 0 
0 a0 al . . ae .. . i 0 bo bl be ‘. . ! 
. . . . . . . . 0 . . . 
. . 0 . .I 0 ai al .I 
. . 
0 ..: 0 b. 
0 
at bl .: be 
are equal. Then there exists a non zero complex number p such that ak = pbk for 
O<k<L 
Proof. Consider the two polynomials 
A = a0 + . . + at9 and B=bo+...+beXe. 
By hypothesis, we have the equality of vector spaces A . C[X], _ r = B. C[X], _ 1 
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in C[X],+,-,, where C[X], stands for the C-vector space of polynomials with 
degree < k. We deduce immediately that A = pB for some non zero p E C. q 
3. SEQUENCES OF BEST APPROXIMATIONS 
From now, we begin the proof of our Theorem, following closely the lines of [3] 
with the exception of Section 5 which differs. 
As was observed in the introduction, we may restrict to odd values of ~1. 
Suppose on the contrary that 
2 
A=&=- 
n+l 
is an exponent of simultaneous approximation to the numbers 8,. . . , 0”. Then 
for all positive E and all sufficiently large X, there exists a non zero integer point 
x=(x(),... , xn) such that 
(1) 1x01 5 X and L(x) := lyj?:n lx& - xjJ < 6X-“. 
Assumption (1) will imply ultimately that 6 is an algebraic number of degree 
5 (n + 1)/2, provided E should have been chosen sufficiently small in term of 0 
and ~1. This will be implicitely supposed in all the forthcoming assertions. The 
constants involved in the symbols << will depend only on y1 and 8. 
First we construct inductively a sequence of non zero integer points 
xi = (&,o, . . , Xi,*) (iL 1) 
called best approximations, which satisfy the following properties. Set 
1~ = Xl: and Lj = L(xi). 
Then we have 
1 5 Xl < X2 < . . . and L1 > L2 > . . . , 
and L(x) > Li for all non zero integer point x with 1x01 < Xi+ 1. We start with a 
minimalpoint x1 in the sense of [3], meaning that Xl = 1x1,0/ > 1 and that 
L(x) 2 L(xl) = L1 for any non zero integer point x = (x0,, . . ,xn) with 
1x0 1 5 Xl. Suppose that x1, . . , xi have been chosen. Let X be the smallest 
real number larger than Xi for which there exists an integer vector x = 
(x0,. . . , xn) such that 1x01 = X and L(x) < Li and put 
xi+1 =x, xi+1 = X and Li+ 1 = L(x). 
The sequence (~i)~>~ thus obtained has clearly the required properties. 
We fix such a sequence and will be concerned with properties which are valid 
for large i, meaning that Xi is greater than some value X(ti, n, E). It follows from 
(1) that, for large i, we have the upper bound 
(2) Li I EX& 
Reset tentatively xi = (~0, . . . ,yn) for the coordinates of the point xi, and de- 
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note by hi the smallest positive integer h such that the (h + 1) x (n - h + 1) 
Hankel matrix* 
Yh . . . Yn 
has rank 5 h. 
Lemma 3. For any i 2 1, we have the upper bound 
n+l 
hi<--. 
2 
Proof. We have to prove that the rank of the matrix (3) is 5 h when 
h = (n + 1)/2. It is obvious since then (3) is an (h + 1) x h matrix. q 
4. CONSTRUCTION OF POLYNOMIALS. 
As in the preceding section, denote by (~0, . i yn) the coordinates of the point 
xi. By definition of hi, the Hankel matrix 
YO . &-hi 
has rank 5 hi. Let ai), . . . , ai! be the coefficients of some non trivial linear re- 
lation between the hi + 1 rows of the matrix (4). We may suppose that 
“1’ , . ,a!) are coprime integers. Thus we have the recursion formulas 
(5) aX)yj + . . . + atJyj+hL = 0 (0 < j 5 n - hi). 
Set 
pi(X) = a ’ + + aCi)Xhi i” hz and H(Pi) = max IaCi)I 0 > . . . , 
Lemma 4. For any sufJiciently large i, we have the upper bounds 
Proof. We first bound the height *(Pi). Set m = n - hi + 1 and denote by 
yo, . . . i y,,,, the columns of the Hankel matrix 
*A matrix Y will be called an Hankel matrix if Y = (yi+j);s;:: for some sequence yo, , y,,,, of 
complex numbers. 
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Yh;-1 ... yn 
which has rank hi by definition of hi (when hi = 1, this follows from xi # 0). 
Therefore the vectors yo, . . . ,y, span over Q the whole space Qhi. Moreover 
m > hi by Lemma 3. Now we use the fundamental fact that these columns 
Yo,..., 3;, satisfy the linear recurrence relations 
(7) (4 a0 Yj + ’ ’ ‘+a~)yj+hi=O (O<j<m-hi) 
which are equivalent to (5). Then we can apply Lemma 1 which furnishes the 
upper bound 
H(Pi) < Y l/(m+l-hi) = yl/(n-2hi+2) 
where Y denotes the supremum of the absolute value of the maximal minors 
extracted from the matrix (6). The estimation H(Pi) < Xl? will be an im- 
mediate consequence of the upper bound 
(8) 
y << XWhi+4X 
I 
In order to prove (8), let us write any maximal minor in the following way 
(setting temporarily h = hi for simplicity): 
Yjl Yj2 . Yjh 
yjl+h-1 Yjzfh-1 ... Yjh+h-1 
Yh yj2 _ yjl gj2 31 . . . yjh - yj, fjih-A 
= 
yjl+h-1 Yjz+h-1 -Yjl+h-l~j2-j’ . . . ?‘jh+h-1 -yjl+h-l@h-j’ 
The entries in the first column of the right hand side matrix have absolute val- 
ues < Xi, while the other entries have absolute values < Li. Using (2) we obtain 
the estimate 
y < ,,fi-1 < &-1X;q$l;i-l!~ < Xi’-WW. 
Observe now that 
n - 2hi + 3 
l-(hi-1)X= n+l 
Then (8) follows from the upper bound 
n - 2hi + 3 < 2(n - 2hi + 2) 
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since hi 5 (n + 1)/2 by Lemma 3. 
Now let us bound the absolute value of Pi(Q). Observe that 
YOPi(Q) = 2 QL (.YOQk - Yk) 
k=O (‘I 
by (5) withj = 0. It follows that 
IPj(O)l < Xt”H(Pj)Lj < dY1l+xXL$l 
by (2) and our bound for H(P,). 0 
5. PROOF OF THE THEOREM 
The two following lemmas enable us to avoid the use of some suitable version 
of Gel’fond’s criterion which was employed in [3]. 
We henceforth denote by (~0, . . . , zn) the coordinates of the vector xi- 1. 
Lemma 5. Suppose that i is large enough. Then the coordinates of the vector xi- 1 
satisfy the same linear recurrence relations 
(9) (4 a0 zj+.. . -kaf~j+h, = 0 (0 <j 5 y1- hi) 
as the coordinates of the vector xi. 
Proof. Forj = 0, . , n - hi let us use the formula 
ZjPj(O) = at)z. + I . + Q$?Zj+h, + kai)(z#i+ - z~+~). 
k=O 
It follows that 
by Lemma 4 and (2). The left hand side of the above inequality is an integer 
which vanishes necessarily if E << 1. q 
Let us view the equalities (9) as a non zero linear relation between the rows of 
the Hankel matrix 
whose rank is therefore at most hi. It follows that hi- i < hi. Since the sequence 
of positive integers (hi)i>l is bounded, we deduce that hi = h for large value of i, 
where h is some positiveinteger independent of i. 
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Lemma 6. Suppose i is large enough. Then we have the equality 
Pi = &Pi- 1. 
Proof. Now we consider the Hankel matrix 
constructed with the coordinates of xi- 1. It has rank h and its columns 
zo, . . . , z&,+1 satisfy the linear relations 
(10) (4 a0 Zj + . . .+af)zj+h=O (O<j<n-2h+l) 
which are equivalent to (9). On the other hand, recall also the relations 
(11) afpl)zj+...+a~pl) zj+h=o (O<j<n-2h+l) 
deduced from (7) with i replaced by i - 1. Let 
Ai = 
0 ap’ aI” . . . ap . . 
. . . . . . . 
0 ..: 
0 
!I 
0 
af' 
be the (n - 2h + 2) x (n - h + 2) matrix formed with the coefficients of the lin- 
ear relations (10) which are linearly independent. The y1- 2h + 2 rows of Ai 
span the Q-vector space of linear relations connecting the y1- h + 2 columns 
20,. . . , Z,-h+i, since these vectors span the whole space Qh. Observe now that 
Ai- i is the matrix associated to the linear relations (11) between the same 
vectors. Therefore the rows of the matrices Ai and Ai- i span the same Q-vector 
space in QnPh+‘. By Lemma 2, the matrices Ai and Ai- i are proportional and 
Pi = pPi_ i for some p E Q”. Since the coefficients of the polynomials Pi and 
Pi ~ 1 are coprime integers, we have p = f 1. 0 
We are now able to conclude the proof of our Theorem. By Lemma 6, we know 
that for large i, Pi = fP for some fixed non zero polynomial P with integral 
coefficients of degree 5 h < (n + 1)/2. When i tends to infinity, Lemma 4 im- 
plies that P( 0) = 0. We have thus proven that 8 is an algebraic number of degree 
I (n + 1)/2. 
6. DEDUCTION OF THE COROLLARY 
The link between simultaneous rational approximation and approximation by 
algebraic integers is achieved by the following result due to H. Davenport and 
W. M. Schmidt, which we reproduce here in our setting. See Lemma 1 of [3], 
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and [1] for the fact that the degree of the algebraic approximations can be pre- 
scribed and not only bounded. 
Lemma 7. Let n be an integer > 2, let 0 be a real number and let X be a positive real 
number which is not an exponent of simultaneous approximation to 6,. . . , Q”- I. 
Then there are infinitely many algebraic integers a of degree n which satisfy 
10 - a![ < H(a)-l-“X. 
The Corollary follows immediately from Lemma 7, since the Theorem asserts 
that 
is not an exponent of simultaneous approximation to 19, . . . ,8”- ‘, provided that 
9 is not an algebraic number of degree 5 [(PZ - 1)/21. 
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